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Abstract
The instability behaviour associated to a crack onset and propagation along the fibre-matrix in-
terface in a composite system under remote transverse loadsis studied by a means of the linear
elastic - (perfectly) brittle interface model (LEBIM). LEBIM has proved to model adequately the
behaviour of this interface represented by a continuous distribution of springs which simulates
the presence of a thin elastic layer. The failure mechanism in the case of an isolated fibre under
transverse tension (plane strain problem), i.e. the onset and growth of the fibre-matrix interface
crack, is studied. The numerical results provided by a 2D boundary element analysis show that
a fibre-matrix interface failure initiates by onset of a finite debond in the neighbourhood of an
interface point where the failure criterion is reached first(under increasing proportional load),
this debond further propagates along the interface in mixedmode or even, in some configura-
tions, with the crack tip under compression.

1. Introduction

Several previous works by the authors and coworkers [1, 2, 3]study experimentally, numerically
and semi-analytically the inter–fibre failure of a unidirectional composite lamina under biaxial
transverse loads. Numerical models of a single fibre embedded in a large matrix, based on
Boundary Element Method (BEM) and interfacial fracture mechanics, are presented in [1, 4, 5].
BEM and Linear Elastic-Brittle Interface Model (LEBIM) areused to study and characterize
the behavior of the fibre-matrix interface in [3, 6, 7].

The aim of the present work is to study in detail the instability issues that appear in the single
fibre problem. An extensive review of the literature about the problem of an elastic circular
inclusion embedded in an elastic matrix with or without a partial debond can be found in [7].
Details of the LEBIM implementation in a BEM code are also presented therein. Some funda-
mental results regarding the computation of the Energy Release Rate (ERR) in the LEBIM can
be found in [8].

The present paper is organized as follows. First the LEBIM used is briefly described. Then,
a plane strain problem of a circular inclusion, representing a long fibre under a remote biaxial
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transversal loading, is introduced. BEM is applied to the numerical solution of the fibre-matrix
interface crack onset and growth in this problem. Finally, adiscussion of the instabilities pro-
duced in the problem is presented.

2. LEBIM

As shown in [3, 6, 7], the LEBIM can be used in microscale models to simulate the damage
initiation and propagation at the fibre-matrix interface. The LEBI constitutive law and the
interface failure criterion were developed in [3, 6, 7, 9]. The continuous spring distribution
that models the elastic layer (interphase) along the fibre-matrix interface is governed by the
following simple linear elastic - (perfectly) brittle law written at an interface pointx:

Linear Elastic
interface

{

σ(x) = knδn(x)
τ(x) = ktδt(x)

t(x) < tc(ψσ(x))

Broken
interface



















σ(x) =

〈

0 δn(x) > 0
knδn(x) δn(x) ≤ 0

τ(x) = 0

(1)

whereσ(x) andτ(x) are, respectively, the normal and tangential components of the tractions
along the interface in the elastic layer,δn(x) andδt(x) are, respectively, the normal and tan-
gential relative displacements between opposite interface points. kn and kt denote the nor-
mal and tangential stiffnesses of the spring distribution. The traction modulust is defined as
t(x) =

√

σ2(x) + τ2(x).

It should be noticed that the critical traction modulustc(ψσ(x)) is a function of a fracture mode
mixity angle,ψσ, at an interface pointx. This angle is defined by tanψσ(x) = τ(x)/σ(x). This
fact leads to, in general, different values of the critical traction modulus at different interface
points. Although the criterion is written in terms of tractions, t(x) ≤ tc(ψσ(x)), it is actually
based on an energetic criterion. An extensive explanation of the deduction of the model can be
found in [3, 6, 7, 9].

3. Problem of a circular inclusion under transverse loads

The plane strain problem of a circular inclusion of radiusa > 0 embedded in an infinite ma-
trix, initially without any debond along its interface, andsubjected to remote uniform stresses
is considered. The materials of both the inclusion and matrix are considered to be linear elastic
isotropic. Let (x, y) and (r, θ) be the cartesian and polar coordinates with the origin of coor-
dinates in the center of the inclusion, assuming without anyloss of generality that (x, y) is the
principal coordinate system of the remote stress state defined by the principal stressesσ∞x ≥ σ

∞
y ,

see Fig. 1.

In the present work, which covers also configurations where both remote principal stresses are
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(a) (b)

Figure 1. Inclusion problem configuration under biaxial remote transverse tension (a) without and (b) with a
partial debond.

compressive, the following generalload-biaxiality parameter1:

χ =
σ∞x + σ

∞
y

2 max{|σ∞x |, |σ∞y |}
, −1 ≤ χ ≤ 1, (2)

is used. Denoting the Frobenius norm of the remote stress state byS∞ =
√

(σ∞x )2 + (σ∞y )2, we

haveσ∞x = S∞ cosφ∞ andσ∞y = S∞ sinφ∞.

Let the position where the interface crack onset occurs be defined by the polar angleθo ∈

〈0◦, 90◦〉. The semidebond angle is denoted asθd. During the debond growth the angleθo may
or may not be placed at the center of the debond.

According to Fig. 1(b) only one debond, initiated at a point A(r = a, θ = θo), is considered,
although depending on the problem symmetry two or four equivalent positions for debond onset
may exist at the inclusion interface withθ = ±θo, ±θo + 180◦. Nevertheless, according to the
experimental evidence only one side of the fibre-matrix interface is usually broken [10, 11].
This will also be obtained by the present numerical model, where the crack onset can occur
at any of these two or four points, but once a crack has startedat one of these points it will
continue growing, preventing failure in the other symmetrically situated points.

A typical bimaterial system among fibre reinforced composite materials is chosen for this study:
m-epoxy matrix andi-glass fibre (inclusion), the elastic properties of matrix and fibre being
Em = 2.79 GPa,νm = 0.33,Ei = 70.8 GPa andνi = 0.22, respectively.

The strength and fracture properties of the fibre-matrix interface, tensile strength ¯σc = 90 MPa
and fracture energy in mode ĪGIc = 2 Jm−2, considered in the numerical procedure are in
the range of values found in the literature [10, 12], and correspond to quite brittle behaviour
[2, 13] making the hypothesis of the LEBIM to represent appropriately a possible real composite
material behavior [7].

1It is easily to see thatχ gives the position of the center of the normalized Mohr circumference and its charac-
teristic values areχ = 1 - equibiaxial tension,χ = 0.5 - uniaxial tension,χ = 0 - equibiaxial tension-compression
(pure shear stress),χ = −0.5 - uniaxial compression andχ = −1 - equibiaxial compression). It is useful to realize
thatφ∞ = π

2

(

χ − 1
2

)

.
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In the following numerical study the following LEBIM propierties are used:ξ=0.25,λ=0.25
(characterizing the fracture toughness sensitivity on thefracture mode mixity) and a circular
inclusion radiusa=7.5µm.

4. BEM model and numerical results

The present non-linear problem of the crack onset and propagation along the fibre-matrix inter-
face governed by the LEBIM is solved by means of the BEM, whichis very suitable for solving
this kind of problems where all nonlinearities are placed onthe boundaries of the subdomains.
Implementation details of the collocational 2D BEM code employed and an overall description
of the solution algorithm can be found in [6, 7, 9, 14]. This algorithm uses an incremental
formulation and a very efficient solution procedure, usually referred to as sequentially linear
analysis, appropriate for the present non-linear problem.The present BEM model represents a
cylindrical inclusion with a radiusa =7.5µm inside a relatively large square matrix with side
2ℓ = 1 mm. BEM mesh has 1472 continuous linear boundary elements:two uniform meshes of
720 elements discretizing both sides of the fibre-matrix interface (therefore, the polar angle of
each element is 0.5◦) and 32 elements for the external boundary of the matrix, where the remote
stressesσ∞x andσ∞y are applied. Rigid body motions are removed by the Method F2 intro-
duced in [15], see also [14]. The inclusion is considered initially as bonded to the matrix along
its perimeter by means of a continuous distribution of springs governed by the LEBIM. The
debond onset and propagation is modeled by progressively breaking springs between bound-
ary element nodes placed at both sides of the interface. Thus, the numerical procedure used
is driven by the interface crack length and is able to analyseboth snap-through and snap-back
instabilities of a crack growth.

In Fig. 2 the numerical results obtained for different values of the load biaxiality parameter
χ = 0, 0.25, 0.5, 0.75 and 1 are presented. Recall thatχ = 0.5 corresponds to the case of
uniaxial tension in thex-direction (σ∞y = 0).

(a) (b)

Figure 2. Numerical results. (a) The normalized applied stress with respect to the normal relative displacementsδn

at point A, see Fig. 1, and (b) The normalized applied stress with respect to the semidebond angleθd for different
biaxial loads combinations, withξ = 0.25 andλ=0.25.
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In Fig. 2(a), the normalized remote stressσ∞x /σ̄c is plotted as a function of the normal relative
displacement (opening),δn, evaluated at the point A(a, θo = 0◦) defined in Fig. 1(b). The
(minimum) remote stress value that is needed to initiate crack growth (in simple terms, the
stress that is needed to break the first spring in the present discrete model of the interface)
is called critical stress,σ∞cx, and corresponds to the local maximum of a function shown in
Fig. 2(a). It can also be observed in Fig. 2(a) that after reaching the critical stress,σ∞cx, the crack
growth becomes unstable, requiring smaller values of the remote tension to cause further crack
growth. Thus, an instability phenomenon called snap-through is predicted in the case of remote
load control, see Section 5.

5. Instability analysis

In the following section, the instability behaviour observed in Fig. 2 will be analysed under a
remote load or displacement control. Although only the caseof uniaxial tension (χ = 0.5), with
the default values ofξ andλ, is considered for the sake of brevity, the results would be similar
for other values of the governing dimensionless parameters. Fig. 3(a) shows the normalized
applied remote stressσ∞x /σ̄c versus the averaged longitudinal strainε along the segments,AB
and PQ, between two pairs of points of the matrix placed on thex-axis and symmetrically
situated with respect to the origin. The coordinates of the end points ofAB are (x = ±a, y = 0)
and ofPQ (x = ±ℓ, y = 0), wherea is the fibre radius andℓ the half-length of the matrix square
cell side,ℓ/a = 66.7 in the present study.εe represents the averaged longitudinal strain for a
purely linearly elastic fibre-matrix interface with no debond, whileεd is the additional averaged
longitudinal strain due to debond (εd

= ε − εe). For a similar additive decomposition of relative
displacements, see [16] (Ch. 12 therein).

(a) (b)

Figure 3. Numerical results. The normalized applied stressσ∞x with respect to (a) the averaged longitudinal
strains,εAB = ε

e
AB + ε

d
AB andεPQ = ε

e
PQ + ε

d
PQ, and (b) the additional averaged longitudinal strain due todebond,

εd
AB and the scaled one 50ℓaε

d
PQ, with χ = 0.5, ξ = 0.25 andλ=0.25.

The diagramsσ∞x − ε in both cases (considering segmentsAB andPQ) exhibit cusp snap-back
instability [17] after the peak point (bifurcation point) where the debond onset occurs. Actually,
this kind of instability also appears for all intermediate segments betweenAB andPQ. While
the snap-back instability is easily observable in the curveσ∞x − εAB in Fig. 3(a), this instability
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is not visible by naked-eye in the curveσ∞x − εPQ, as the curve branches before and after the
peak point are extremely close to each other, visually coinciding in the plot, because the matrix
cell is very large with respect to the fibre. As the effect of the debond onset and growth on
the fibre-matrix interface is hardly visible on this plot, a zoomed view of this curve with its
cusp is also included in Fig. 3(a) to show this instability behaviour. Obviously the values of
σ∞x /σ̄c at the local maxima (peak point) and minima in both curves coincide (values 0.692 and
0.2704, respectively) as indicated in the curve plots. It means that after the debond onset, we
may decrease the applied load significantly, up to 39% of the critical load in the peak, keeping
a continuous propagation of the debond.

Moreover, to understand better the post-peak behaviour, diagramsσ∞x −ε
d are plotted in Fig. 3(b).

The value ofεd
PQ, which strongly depends on the cell sizeℓ (as a consequence of the Saint-

Venant and superposition principles), is scaled by an arbitrary factor 50ℓa resulting in a value
very similar to that ofεd

AB. The initial very steep negative slope of these diagrams indicates
that according to the present model, using the LEBIM of the fibre-matrix interface, the debond
onset and growth exhibits cusp snapback instability typical for a brittle structural behaviour.
This observation is quite different from a smooth snapback instability observed in some cases
in [18, 19] using a CZM of the fibre-matrix interface.

6. Conclusions

From the numerical results obtained, it can be observed thatwhen the remote load reaches its
critical value given byσ∞cx, the subsequent debond growth up to the critical semidebondangleθc

is unstable, an instability phenomenon called snap-back and snap-through, respectively, taking
place under remote displacement and load controls. A parametric study shows thatθc increases
with increasingχ in the range studied, eventually very large debonds withθc > 90◦ are predicted
when similar tensions are applied in both directions.

Summarizing the instability analysis, the curveσ∞x − εPQ shows that under both load and dis-
placement control at the outer boundaries of the matrix cella sudden and large breakage of
the fibre-matrix interface is predicted by the present model. Notice that, the debond onset and
growth could develop, at least hypothetically, in a stable manner if it would be controlled by the
crack openingδn according to Fig. 2(a).
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