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Abstract 
New out-of-autoclave layer-by-layer curing techniques require the use of an in-situ 
compaction device. Ultrasonic compaction can be a suitable system to achieve this goal. 
In the ultrasonic compaction, a pressure cylinder is excited over the composite laminate at a 
certain frequency. The vibration produces the heating of the resin of the plies, due to the 
internal viscosity of the polymer. The knowledge of how this heat is generated and distributed 
throughout the laminate is an important factor in the understanding of the ultrasonic 
compaction procedure. 
In this work, the development and implementation of a proper generalized decomposition 
(PGD) model to solve the heat generation and distribution during the ultrasonic compaction 
is presented. 
The results of the model will be presented and will be compared with experimental 
measurements, showing that the model can predict the temperature field properly. 
 
 
1. Introduction 
 
The ultrasonic compaction is a new system whose aim is to compact composite laminates and 
it should be an alternative to the common vacuum bags used in the autoclave manufacturing 
[1]. It offers the possibility to compact the laminates in the same process than the plies are 
placed, so it could be also a good technology to be coupled with the new out-of-autoclave 
curing techniques, like plasma beams or low energy electron beams [2], in which the curing 
process is made layer-by-layer. 
 
In the ultrasonic compaction, a sonotrode with a titanium tip is excited over the composite 
laminate, making the resin to vibrate at an ultrasonic frequency. This excitation makes the 
resin to rise its temperature, due to its internal viscosity. The heating facilitates the air bubbles 
trapped between the plies to scape, achieving the compaction of the part. The modeling of 
how the heat is generated and distributed inside the laminate will help to model and optimize 
the ultrasonic compaction process. 
 
The heat generation was studied in previous works [3, 4, 5], leading to a model that estimates 
this heat as a function of the viscosities and vertical velocities of the resin layers of the 
laminate. This model will be used in this work. 
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In the case of the heat distribution, the problem will be solved with the Proper Generalized 
Decomposition (PGD) [6, 7], using the equations that will be presented in section 4 of this 
paper. The need of fine meshes in terms of space (to model the thickness of the resin and fibre 
layers) and time (to model properly the ultrasonic oscillation along the whole compaction 
process) makes the PGD a suitable option for solving the heat equation. 
 
The problem to be studied is presented in section 2 where the geometry and the boundary 
conditions of the laminate under study will be shown. 
 
The way of coupling the heat generation and the heat distribution problems and the equations 
that solve the heat distribution with the PGD will be stated in sections 3 and 4, respectively. 
The results of the coupled heat generation and distribution problem will be shown in section 
5, finishing in section 6 with the conclusions of this work. 
 
2. Problem under study 
 
The problem that is going to be studied is the compaction of several plies when the sonotrode 
is still actuating over them, i.e., the sonotrode vibrates but is not moved along the direction of 
the fibres.  
 
All the plies of the laminate will be considered uncured. The plies are supposed to be formed 
by two layers of resin and one layer of fibres, as can be seen in Figure 1, where only two plies 
have been depicted for the sake of clarity. 
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Figure 1. Geometry of the problem 
 
The area of the resin layers under the sonotrode, with a length along the x axis of sL , is where 

the heat is generated due to the ultrasonic vibration. 
 
The boundary conditions of the problem are: 
 - Conduction with the sonotrode at the top resin layer at ss LLxLL 2
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 - Convection with the air at the top resin layer at ss LLxxLL 2
1

2
1

2
1

2
1 ;   

 - Isolation at the other boundaries (note that the temperature far enough from the 
sonotrode will be equal to room temperature and, under the bottom layer, an isolating 
material is placed). 
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3. Coupling the heat generation and distribution 
 
The thermal problem of the heat generation and distribution during the ultrasonic compaction 
is given by the heat equation as: 
 

   visc
P T

t

T
C QK 


  (1) 

 
where ),,( tzxT  is the temperature at each point,   is the density of the material, PC  is the 
specific heat capacity of the material, K  is the conductivity tensor of the material and 

),,( tzxviscQ  is the heat generation due to internal viscosity of the resin, produced by the 
ultrasonic vibration. 
 
The transient model will be defined in a plate domain, given by  I  with 

],0[ L , ],0[ HI   and ],0[ maxt , maxt  being the maximum time of the process.  
 
The laminate is considered to be composed of P different orthotropic layers, each one 
characterized by a well defined conductivity tensor jK  (j being the ply), assumed constant 

through the layer thickness, diagonal and defined in its principal directions by xk  and zk . In 

this way, a characteristic function representing the position of each layer can be defined: 
 

   Pj
otherwise

zzz
z jj

j ,...,1
0

1 1 


 

   (2) 

 
where   hjz j  1 .  

 
The laminate conductivity can be written in the following separated form using (2):  
 

   



P

j
jj zxzx

1

)()(, KK  (3) 

 
In the case of the other properties of the material,   and PC , a similar separated form is 
applied. 
 
The same idea can be applied to the heat generation, but using a function )(zj  that becomes 

null at the fibre layers. The separated representation of the heat generated can be expressed as: 
 

   )()()(,,
1

tQzxtzx j

P

j
jj

visc 


 Q  (4) 

 
Note that )(xj  is a function that takes the value of 1 when x is located under the sonotrode 

and 0 when x is not located under the sonotrode. 
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The problem of the heat generation has been solved in [3]. The equations that govern this 
generation are presented next. Note that the x and z coordinates that appear in these equations 
are different for each resin layer and only concerns the volumes contained in each resin layer. 
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where: 
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),,( tzxQh

P  being the heat generated due to the horizontal movement of the sonotrode, only 

generated inside the top layer P , ),,( tzxQv
j  the heat generated due to the vertical movement 

of the sonotrode, )(tj  the viscosity of the jth-layer, jv  the vertical velocity of the resin layer 

at the extremes of the jth -layer, jh  the thickness of the jth -layer and )(twsh  the horizontal 

component of the velocity of the sonotrode. 
 
Note that the heat generation presents a strong coupling between the layers, through their 
vertical velocities. 
 
In this case, equation (1) will be solved using a fixed point algorithm. In a first step, assuming 
that the temperature field is known, the heat generation will be obtained using equations (5), 
(6) and (7). Once solved, in a second step, the temperature field will be obtained solving 
equation (1), using the PGD equations that will be presented in the next section. This 
temperature field leads to a new heat generated, that will be compared with the one obtained 
in the previous step. The algorithm is continued until reaching the convergence of the heat 
generated. 
 
4. Governing equations for the PGD solution 

 
The equations that solve the heat distribution (1) along spatial and time (the model is a 
transient one) coordinates using the Proper Generalized Decomposition are presented next. 
 
The weighted residual form of Eq. (1) can be written as: 
 

   0* 





 


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


dT
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with the test function *T  defined in an appropriate functional space.  
 
Using the considerations made for the conductivity tensor, equation (8) can be written as: 
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In order to take into account the boundary conditions in the formulation, the equation will be 
solved integrating by parts the terms that involve second order derivatives. 
 
The boundary conditions were defined in section 2 of this work and can be expressed as: 
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 I  being the whole boundary, defined by 4321  , 

 Izx  ,01 ,  0,2  zx ,  IzLx  ,3 ,  Hzx  ,4 . In 

equations (10), s
4  is the area of 4  located under the sonotrode, h  is the convection 

coefficient and sh  is a coefficient that determines the heat transfer with the sonotrode (this 

coefficient depends on the conductivity and the geometry of the sonotrode and has been 
calibrated experimentally). 

 

Equation (9), integrated by parts and including the boundary conditions, can be written as: 
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The solution of equation (11), ),,( tzxT , is searched under the separated form: 
 

 
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In what follows, we are illustrating the construction of one such decomposition, as done in 
[8]. For this purpose we assume that at iteration Nn   the solution is already known: 
 

 





ni

i
iii

n tzZxXtzxT
1

)()()(),,(  (13) 

 
and that at the present iteration we look for the solution enrichment:  
 
 )()()(),,(),,(1 tSzWxRtzxTtzxT nn   (14) 
 
The test function involved in equation (10) is searched under the form: 
 
 )()()()()()()()()(),,( **** tSzWxRtSzWxRtSzWxRtzxT   (15) 
 
The functions )(xR , )(zW  and )(tS  will be obtained with an alternating direction fixed point 
algorithm. Thus, assuming two of the functions known, the third is calculated. Once done, this 
function is used in the calculation of the other, iterating until reaching convergence. The 
converged solutions define the next term in the finite sums decomposition: )()( 1 xXxR n , 

)()( 1 zZzW i  and )()( 1 ttS n . 

 
5. Results 
 
The problem that will be solved is the compaction of 8 unidirectional pre-preg plies, i.e., 9 
resin layers and 8 fibre layers. All the layers have been laid-up and are supposed to be 
uncured, so the heat generation will affect to all of them. 
 
The boundary conditions are those described in Eq. (10). The mesh used consists on 100 
nodes along the x axis (the length of the laminate being 60L mm and the length of the 
sonotrode 20sL mm), 321 nodes along the z axis (the thickness being 04.1H mm) and 

456001 nodes along the time axis (the time of the process being 10max t seconds).  

 
The convergence of the solution was reached after adding 25 sums of products of functions 

)()()( tzZxX iii  . The temperature distribution inside the laminate for 1t  second is shown 

in Figure 2. 
 
It can be appreciated that there is almost no variation throughout the z direction. The 
maximum temperature is reached at the zone under the sonotrode, decreasing at its sides until 
reaching the temperature of the borders of the laminate. 
 
In order to check the accuracy of the solution, a comparison with an experimental 
measurement has been done. The experimental and numerical evolution of the temperature in 
time at the bottom of the laminate is presented in Figure 3. 
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Figure 2. Temperature distribution inside the laminate during compaction process 
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Figure 3. Comparison of experimental and numerical temperature/time curve at the bottom of 
the laminate 
 
As can be seen, the agreement of the numerical model predicts correctly the experimental 
behavior. 
 
6. Conclusions 

 
The evolution of the temperature inside a composite laminate during the ultrasonic 
compaction has been studied. To this end, the problem of the heat generated and distributed 
has been solved, obtaining the solution of the transient heat equation.  
 
Once the problem under study has been presented, the resolution of the heat equation has been 
posed. It has been carried out using a fixed point algorithm, on one side solving the heat 
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generated with the equations of [3] and, on the other side, solving the heat distribution with 
the PGD equations presented in this work. 
 
The governing equations that solve the heat distribution using the PGD have been shown, 
proposing, again, a fixed point algorithm to obtain the approximation functions. 
 
The solution of the temperature field inside the laminate for a certain number of uncured 
layers and for a certain value of the time of the process has been depicted. 
 
Finally, the model has been compared with experimental measurements, showing that it can 
predict the temperature of the laminate along the compaction process with a high accuracy. 
 
The next step of this work could be the modeling of the compaction process when the 
sonotrode is moved along the laminate. 
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