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Abstract 

An approach is presented for modelling the effects of uncertainty in modulus and ply 

orientation upon the aeroelastic stability of a composite wing box. The wing box is modelled 

as a thin-walled beam which incorporates the effects of transverse shear. Uncertainties are 

propagated through the model using Polynomial Chaos Expansion, with coefficients 

determined using Stochastic Projection and Smolyak sparse grid quadrature. Laminate 

stiffness terms are used as input variables in order to avoid the curse of dimensionality. An 

order of magnitude reduction in model runs is achieved for the majority of example 

laminates; however, the approach gives poor results in the region of response discontinuities.  

1. Introduction 

Composite materials are being used to increasing degree in aerospace structures due to 

benefits such as high specific strength and stiffness, and anisotropic behaviour which may be 

exploited to tailor the properties of the structure. A large amount of work has been undertaken 

since the 1980s in the field of aeroelastic tailoring [1-4]. This has sought to exploit anisotropy 

through selection of composite stacking sequences to achieve minimum-weight designs for 

aeroelastic design cases such as divergence [1] and flutter [2-3] as well as gust and manoeuvre 

loads [4], while adhering to efficient aerodynamic design and loading constraints. 

In reality all processes are subject to variability and a need for robust processes which directly 

incorporate uncertainties into design has been identified [5]. Furthermore, composite 

materials use complex manufacturing processes which can introduce uncertainty from a 

number of sources including material non-homogeneity, fibre misalignment and waviness [6].  

The most straightforward uncertainty quantification technique is Monte Carlo Simulation 

(MCS). This requires a prohibitively large computational effort, and techniques such as 

Polynomial Chaos Expansion (PCE) can be more efficient. PCE was first introduced in [7] 

and subsequently developed as part of the Stochastic Finite Element method [8].  Methods 

such as stochastic projection [9] seek to apply the expansions in a ‘non-intrusive’ fashion such 

that they may be used with any ‘black-box’ deterministic model. PCE is limited by the ‘curse 

of dimensionality’, whereby the size of the model grows substantially with the number of 

inputs; a number of methods have been developed to combat this, including the use of sparse 

grid quadrature [10] and adaptive algorithms for tailoring the size of the expansion [11]. 
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Much of the existing work which models the effects of composite material property 

uncertainty upon aeroelastic stability uses computationally expensive MCS, or techniques 

which give limited information on the full distribution. For example, the perturbation method 

is used in [12] to model supersonic flutter of a composite plate and in [13] to model flutter of 

a composite beam. The body of work which uses more efficient techniques such as PCE has 

largely used simplified structural behavior or has modelled aerodynamic uncertainties. A 

number of pitch and plunge aerofoil models with uncertain spring stiffness coefficients are 

reviewed in [5], and [14] models the response of a flat plate with uncertain aerodynamic load.  

Polynomial Chaos Expansion was used in [15] to model aeroelastic stability of composite 

plate wings with uncertain ply orientation; this was limited to the design space of six ply 

symmetric laminates. The authors generalised this approach to any symmetric laminate in 

[16], by using ‘lamination parameters’ as input random variables. This paper aims to build 

upon previous work by using PCE to model material property uncertainty, in particular ply 

orientation uncertainty, in more realistic aerospace structures. A wing box model is 

introduced in section 2 and section 3 provides an overview of PCE using sparse grid 

quadrature. Section 4 presents results of application of this method to the wing box with 

uncertainty in modulus and ply orientation introduced to the top and bottom flanges. 

2. Wing-Box Model 

2.1. Beam Model 

A thin-walled beam similar to those in [17] and [18] is used to model a composite wing box. 

Two coordinate systems are used; a global wing and a local laminate coordinate system, both 

of which are shown in Figure 1. 

  

Figure 1. Global (a) and Local (b) Coordinate Systems used in the Beam Model 

Kinematic relationships reduce displacements of the three-dimensional structure to a one 

dimensional dependence upon x: 

 (     )    ( )    ( ) ( )    ( ) ( )            (1) 

 (     )    ( )   ( ) ( )    (2) 

 (     )    ( )   ( ) ( )     (3) 

Behaviour of the model is described by six kinematic variables; u0, v0 and w0 denote 

displacement of the reference axis in the x, y and z directions, and  , θy and θz denote rotation 

of the reference axis about the x, y and z axes. Using (1), local axial strain is given by: 

      
    

     
             (4) 

a) b) 
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where a primed variable denotes differentiation with respect to x. Shear flow due to torsion is 

assumed as St Venant’s solution, weighted by laminate shear stiffness A66 to account for 

different stacking sequences around the section. Introducing the continuity requirement, 

∮
  

  
    , and using (1-3), the shear strain is therefore expressed as: 

    
  

  
(  

    )  
  

  
(  

     )  
   

   ∮
  

   

                 (5) 

where Ac is the area enclosed by the section. Since only global deformations are of interest 

and the design is restricted to symmetric laminates, it is assumed that behavior is governed 

solely by membrane properties. In-plane stress resultants are related to in-plane strains by: 

{ }     { }                (6) 

where A is the laminate membrane stiffness. Assuming zero stress resultant in the tangential 

direction, (6) may be re-written with dependence only upon the x coordinate: 

{
  

   
}  [

    
   

 

   
    

      

   

    
      

   
    

   
 

   

] {
   

   
}                  (7) 

Henceforth, the matrix in (7) is referred to as the ‘modified laminate stiffness’ or  ̂. 

2.2. Aeroelastic Stability 

Aeroelastic response of the beam is modelled using Rayleigh Ritz coupled with modified 

unsteady strip theory [19]. In this approach polynomial shape functions are assumed for each 

kinematic variable in order to approximate energy terms. Strain energy is given as: 

  
 

 
∫ ∮{ } [ ̂] { }    

 

 
                 (8) 

where {ε} is given by (4) and (5). Kinetic energy is given as: 

  
 

 
∫ ∮∫  

 

 

 
 

 

{ ̇} { ̇}    
 

 
                       (9) 

where {u} = {u, v, w}
T
 is the beam displacement vector given by (1-3), ρ is the density and t 

the thickness. Lift and pitching moment are applied to infinitesimal strips at the quarter chord 

and integrated over the length of the beam. The loads applied to each strip are given by: 

   
 

 
       (  

  ̇

 
)                  (10) 

    
 

 
      (   (  

 ̇ 

 
)    ̇

 ̇ 

  
)                           (11) 

where ρa and V denote the air density and velocity, c the chord length, e the eccentricity 

between the quarter chord and reference axis, and aw the effective lift curve slope. A 

simplified analysis whereby the unsteady aerodynamic derivative   ̇ is assumed to be 

constant with frequency is used. Work done by the applied load is given by: 
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   ∫ (         )  
 

 
     (12) 

Neglecting dissipative energy, Lagrange’s Equation may be applied as: 

 

  
(
  

  ̇
)  

  

  
 

  

  
 

 (  )

 (  )
             (13) 

where q are the generalised displacements. Application of (13) gives equation of motion as: 

   { ̈}        { ̇}  (           ){ }  { }      (14) 

where [A] is the mass matrix, [B] and [C] are the aerodynamic damping and stiffness 

matrices, and [E] is the structural stiffness matrix. Equation (14) can be solved as an 

eigenvalue problem. Instability occurs when the real part of one of the eigenvalues becomes 

positive; this instability is flutter if the imaginary part is non-zero and divergence otherwise. 

Bend-twist coupling may be achieved in the present beam model through using opposite 

stacking sequences on opposing flanges. Figure 2 shows example plots of eigenvalues with 

increasing flow velocity for two examples with opposite coupling properties.  

 

 

 

 

Figure 2. Plots of Real and Imaginary parts of Eigenvalues with Speed for a beam with [±45]S webs and: a) Top 

Flange: [-45]4, Bottom Flange: [45]4 b) Top Flange [45]4, Bottom Flange [-45]8. 

3. Uncertainty Quantification 

3.1. Polynomial Chaos Expansion using Smolyak Sparse Grids 

Polynomial Chaos Expansion (PCE) is used to propagate uncertainty through the aeroelastic 

model. Any second-order random process may be written as [8]: 

 ( )       ∑      (   
( )) 

     ∑ ∑        
  
    (   

( )    
( )) 

          

 ∑ ∑ ∑          
  
    

  
    

 
    (   

( )    
( )    

( ))           (15) 

where ω a random event, {   ( )} 
  is a set of independent random 

variables,   (   ( )      ( )) is the polynomials chaos of order p, and αi1,…,ip are the 

expansion coefficients. In practice (15) is truncated, and for notational clarity rewritten: 
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 ( )  ∑   
 
     ( ( ))              (16) 

Equation (16) is a complete polynomial basis which is orthogonal with respect to the 

Probability Density Function (PDF) of the input variables, and therefore guarantees 

exponential convergence with increasing expansion order. For example, Hermite Polynomials 

form a basis which is orthogonal with respect to standard Gaussian input random variables. 

In order to determine the unknown expansion coefficients, model outputs are projected 

against each basis polynomial using the inner product and orthogonality is exploited [9]: 

   
〈    〉

〈  
 〉

 
 

〈  
 〉

∫     ( )  
 

                 (17) 

Evaluation of (17) requires multidimensional integration of outputs (R) across the support (Ω) 

of the input PDF (W(ξ)). Univariate integrals may be approximated using quadrature rules: 

  ( )( )  ∑  (  
 )  

   
          (18) 

where   
  are quadrature points, wj weights, and mi the number of points. Quadrature rules 

should be selected according the input distribution, for example, Gauss-Hermite Quadrature 

for Gaussian inputs. In order to combat the curse of dimensionality, Smolyak sparse grids are 

used to efficiently generate multivariate quadrature rules from the univariate rules [14]: 

 (   )  ∑ (  )    | |
    | |    (

   
    | |

)  (         )      (19) 

where w defines the precision of the quadrature, n is the number of dimensions, and   
(       ) is a multi-index. (19) is a linear combination of tensor products of univariate 

quadrature rules, which only uses products that result in a relatively low number of points. 

Polynomial Chaos Expansion requires that input random variables are statistically 

independent. Dependent random variables of arbitrary distribution may be transformed onto 

independent uniform variables using the Rosenblatt transformation [20]: 

     (  ) 

     (  |  ) 

  
     (  |         )         (20) 

4. Results 

The above techniques have been used to determine the critical aeroelastic instability speed 

with uncertainty in different inputs, using the geometry and average properties in Table 1. 

Length 

(m) 

Chord 

(m) 

Depth 

(m) 

E11 

(GPa) 

E22 

(GPa) 

G12 

(GPa) 

ν12 ρ 

(kg/m
3
) 

Ply Thickness 

(mm) 

4 0.8 0.08 140 10 5 0.3 1600 0.125 

Table 1. Dimensions and average material properties used in the case studies 

To demonstrate a straightforward application of Polynomial Chaos Expansion, uncertainty is 

introduced into E11, E22 and G12 in the top and bottom flanges. Uncertainty is neglected in the 

webs due to their relatively small size, and the stacking sequence of all components is [0 90 

±45]S. The variables are modelled as Gaussian, with mean given by Table 1 and coefficient of 
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variation of 0.1. Figure 3 shows convergence of the PCE with different expansion order 

compared to results from a Monte Carlo Simulation using 7,500 samples. It can be seen that 

third order PCE acceptably models both the peak and tails. This calculation required 73 model 

evaluations, offering an improvement in efficiency of two orders of magnitude. 

 

Figure 3. Convergence of Polynomial Chaos Expansion using Polynomials of ascending order for a beam with 

all components having a [0, 90, ±45]S stacking sequence 

Uncertainty is now introduced to the ply orientations in the top and bottom flanges, 

considerably increasing the input dimension. Error in each ply is modelled as Gaussian with 

zero mean and standard deviation of 5 degrees, and uncertainty in E11, E12 and G12 is 

modelled as above. The dimension of the PCE is reduced to six by using the modified A 

matrix terms from (7) as input random variables. The PDFs of these terms are determined 

using MCS and transformed onto standard Gaussian distributions using the Rosenblatt 

Transformation. Details of results for a number of example configurations are shown in Table 

2, with example PDFs shown in Figures 4 and 5. 

Configuration PCE Order Model Runs 

All Components: [0]8 4 257 

All Components: [90]8 2 13 

All Components: [02 902]S 3 73 

All Components: [0 90 ±45]S 1 13 

All Components: [(±45)2]S > 6 > 2021 

Top Flange: [45]8 
3 73 

Bottom Flange: [-45]8 

Top Flange: [-45]8 
4 257 

Bottom Flange: [45]8 

Table 2. Required expansion order and model runs for each of the example laminates 

For most of the examples, 3
rd

 or 4
th

 order PCE requiring to 73 and 257 model runs 

respectively was sufficient, corresponding to a factor of 30 reduction compared to Monte 

Carlo. Due to the relative expense of the 4
th

 order PCE, it is noted that the sparse grid method 

loses its benefit for higher expansion order. Figure 5 shows bi-modal behavior, which can be 

attributed to a mode-switch in the region spanned by the output PDF [16]. Very high order 

PCE is required to model this behaviour; convergence of the PCE is consequentially shown 

up to 6
th

 order in Figure 5, at which point the analysis was halted due to the computational 

effort approaching that of MCS. 
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Figure 4. Convergence of PCE using Polynomials of ascending order for a beam with a) all components having 

a [0, 90, ±45]S stacking sequence, b) Top Flange [45]8, bottom Flange [-45]8 and Webs [±45]S 

 

Figure 5. Convergence of PCE using Polynomials of ascending order for a beam with all components having the 

stacking sequence [±45]S. Example of Bi-modal behaviour 

5. Conclusions 

An approach has been presented for modelling aeroelastic stability of a composite wing box 

with uncertainty in modulus and ply orientation. Polynomial Chaos Expansion using sparse 

grid quadrature and modified laminate stiffness input variables were used to avoid the ‘Curse 

of Dimensionality’, while building upon the work in [16] through modelling a more realistic 

structure. The following observations have been made: 

 In the majority of examples, 3
rd

 or 4
th

 order PCE proved sufficient, leading to at least a 

factor of 30 reduction in aeroelastic model runs compared to the baseline Monte Carlo. 

 Sparse-grid quadrature is efficient for high-dimension inputs in low order expansions, 

however, this benefit is insufficient for higher order PCE. It is suggested that ‘tailored’ 

PCE using adaptive algorithms [11] could be used to increase the dimension further. 

 Very high order PCE is required to model the bi-modal behavior associated with a 

mode-switch in aeroelastic response. It is suggested that the approach developed in 

[16] be adapted for use with the quadrature method, or a piece-wise PCE employed. 
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