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Abstract 
All existing models for the stress redistribution after a single fibre breakage in a 
unidirectional fibre-reinforced composites use regular fibre packings. In the present work, the 
stress redistribution in random fibre packings was analyzed using three dimensional finite 
element analysis. Compared to regular fibre packings, random fibre packings result in a 
lower ineffective length and, when looking at fibres at the same distance from the broken 
fibre, in lower stress concentration factors and overload lengths. It was shown that an 
increase in fibre volume fraction has a similar effect as changing from regular to random 
fibre packings. 
 
 
1 Introduction 
The failure of the 0° continuous fibres in polymer composites generally coincides with the 
final failure of the composite. Hence, a profound understanding of the failure behaviour of 0° 
fibres is of utter importance. The most fundamental issue in strength models of unidirectional 
composites is the re-distribution of the axial stresses around a broken fibre. This results in 
stress concentrations on the fibres nearby the broken fibre. These stress concentrations 
increase the failure probability of the nearby fibres. It is quantified as the stress concentration 
factor (SCF), which is the ratio of the stress near the broken fibre over the stress far away 
from the fibre breakage [1]. 
 
 
The first models for SCFs were developed in the early seventies and are all shear lag models 
(SLM). These models assume that the matrix carries only shear loads and that the fibres carry 
all the axial loads. These assumptions enable an analytical solution for the SCFs. 
Unfortunately, SLMs are inaccurate when (1) the fibres are highly loaded, (2) the fibres have 
a high shear modulus, (3) the matrix has a high tensile stiffness or (4) the matrix yields. 
Moreover, SLMs for composites with random fibre spacing or with more than one type of 
fibre are very difficult to develop. Some authors have suggested improvements for some of 
these problems, but they all faced major limitations [2-6]. 
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Because of these drawbacks, 3D-finite element analysis (FEA) of SCFs is rapidly gaining 
attention. This technique allows an accurate determination of SCFs without major 
assumptions. The FEA results can be used as input for strength models [7, 8]. 
 
 
Several authors noticed significant discrepancy between experimental and modelled tensile 
behaviour [9, 10]. Batdorf et al. [9] indicated the variation in fibre spacing as the major cause 
for this discrepancy. Incorporation of a random 1D fibre packing led to a smaller discrepancy 
between experiment and model. However, the results of Hedgepeth et al. [11, 12] clearly 
showed a significant difference between 1D and 2D fibre packings. 
 
 
2 Materials and methods 
This paper analyses the stress concentrations around a broken fibre in unidirectional 
composites with a random fibre packing. There are three distinct steps in creating these 
models: (1) generation of the random fibre packing, (2) creation of the FE model, and (3) 
extraction of the data.  
 
 
The random fibre packing generator is based on the generator developed by Melro et al. The 
generator requires three input parameters: the fibre radius, the fibre volume fraction and the 
size of the representative volume element (RVE). The first step is a hard-core algorithm, 
which puts fibres at random coordinates within a square RVE. This step avoids overlapping 
between fibres but is limited to a fibre volume fraction of about 50%. The second step tries to 
move each fibre closer to its nearest, second nearest or third nearest neighbour. The third and 
final step pushes the fibres on the edges of the RVE inwards. These 3 steps are repeated until 
the required fibre volume fraction is achieved. A full description can be found in [13]. We 
merely added a criterion for the minimal fibre distance. Instead of a minimal distance between 
the fibre centres of 2 times the fibre radius, we used a criterion which varies the minimal 
distance between 2 and 2,1 times the fibre radius. This minimal distance is randomly 
generated within that interval. This adaptation increases the statistical randomness.  
 
 
The second step is the creation of the FE model. A circular model is created out the square 
RVE of the random fibre packing generator. In contrast with hexagonal or square packing 
models [7, 14], a random packing model cannot be reduced due to lack of symmetry and the 
full 360° model had to be used. Even for the square and hexagonal packings, the 360° model 
was deliberately chosen to avoid any influence on the results. The applied boundary 
conditions are shown in figure b. A vertical displacement is applied to the entire top surface, 
which equals a strain of 0,1%. Symmetry in the fibre direction is applied to the bottom 
surface, except for the broken fibre. These boundary conditions have been used previously to 
represent a unidirectional composite with one broken fibre in the middle [7]. The mesh is 
refined on the bottom surface and near the broken fibre, as can be seen respectively in figure 
1c and d. 
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Figure 1. Description of the model (a) Creation of a circular model out of the square RVE (b) boundary 
conditions (c) mesh in a side view (d) mesh in top view. 

 
Length L (see figure 1c) 40*R 
Diameter Ø (see figure 1d) 24*R 
Number of elements > 180000 elements 

Type of elements 70-90% second-order brick elements 
10-30% second-order wedge elements 

Matrix  Epoxy: isotropic, Young’s modulus = 3 GPa, Poisson’s 
ratio = 0,4 

Fibre Glass fibre: isotropic, Young’s modulus = 70 GPa, 
Poisson’s ratio = 0,22 

      Table 1. Parameters of the FE model 
 

The stress field is obtained in Abaqus. In the third step, the necessary data is extracted out of 
the stress field. Within each fibre, imaginary planes are created on which the average stress is 
calculated. In each plane, the longitudinal fibre stress is probed in at least 2400 locations and 
averaged out over the plane. An example of this average stress as a function of the distance 
along the broken fibre is shown in figure 2. Three important parameters are calculated. In 
accordance with Rosen’s definition [15], the ineffective length is defined as the location at 
which 90% of the stress is recovered in the broken fibre (see figure 2a). The stress 
concentration factor (SCF) at a certain z-coordinate *z  is calculated as the relative increase 
in fibre stress σ  at that point divided by the fibre stress σ  far away from the failure 
location  (see equation 1) [1]: 
 

( *) ( )( *) .100%
( )

z z zSCF z z
z

σ σ
σ
= − = ∞

= =
= ∞     (1) 

 
where z  is the z-coordinate, *z  is the z-coordinate where the stress is evaluated, and σ  is 
the longitudinal fibre stress. 
 
 
In line with the ineffective length for the broken fibre, the overload length is defined for the 
intact fibres. This parameter is defined as the distance from the crack plane at which the fibre 
has a SCF of 0% (see figure 2b). 
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  Figure 2. Illustration of the definitions for (a) ineffective length and (b) overload length. 
 
 
3 Results 
3.1 Fibre packing 
This section examines the fibre packing. Two non-random fibre packings, namely square and 
hexagonal, are compared to 6 random fibre packings. The glass fibre volume fraction is 70%. 
The results are shown in figure 3. 
 
 
The ineffective lengths are larger for hexagonal than for random packings. Square packings 
have intermediate values (see figure 3a). For hexagonal packings, the distance from the 
broken fibre to the nearest neighbour is larger than for square or random packings. This can 
be seen from the distance of each data point in figure 3b and c. Moreover, the main 
contribution to the stress recovery comes from material immediately surrounding the broken 
fibre. This means that the further away the fibres are from the broken fibre, the less they 
contribute to the stress recovery. This leads to a larger ineffective length. 
 
 
Random fibre packings show much higher SCFs than structured packings, because smaller 
distances are possible. However, when looking at the same distance, the SCFs for the 
structured packings are slightly higher than for the random packings (see figure 3b). This is 
mainly valid at d/R values below 0,5. At larger distances, the difference fades out. In random 
fibre packings some fibres are very close to the broken fibre. These fibres carry a very high 
SCF and thus shield the other intact fibres. In hexagonal packings, 6 fibres are located at 
exactly the same distance. Consequently, none of these 6 fibres shield the other ones, which 
results in a higher SCF than in the random fibre packing.  
 
 
Finally, the overload lengths for random fibre packings are significantly lower than those for 
structured packings, see figure 3c. This is related to the ineffective length, which is also 
smaller for random packings. If the ineffective length is smaller, the influence of the fibre 
breakage will also be spread out over a larger length. This results in a larger overload length. 
 
 
Random fibre packings have a lower ineffective length, SCF and overload length than in the 
case of structured packings. The decrease of these three parameters decreases the probability 
of a second fibre breakage in the neighbourhood. Since current models mainly use hexagonal 
packings, random fibre packings would increase the gap between modelled and measured 

(a) (b) 
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tensile strength. However, figure 3b shows a second effect which counteracts this conclusion. 
The random fibre packings have SCFs of up to 13%, while the highest SCF for hexagonal 
packings is only 5%. In order to know the combined influence on the strength, a full strength 
model for random fibre packings is needed. 
 

 
 

 
 

      Figure 3. Comparison of random fibre packings versus square and hexagonal packings (a) ineffective 
length (b) SCF (b) overload length. 

 
 
3.2 Fibre volume fraction 
This section examines the influence of the fibre volume fraction. Three glass fibre volume 
fractions were examined: 30%, 50% and 70%. The results are shown in figure 4. 
 
 
Figure 4a shows the decrease of the ineffective length with increasing fibre volume fraction. 
In the 70% case, 5-6 fibres are within a d/R of 1. This results in a high homogenized shear 
stiffness and thus a small ineffective length. The 30% case can have a 60% smaller ineffective 
length, because of the lower homogenized stiffness. 
 
 
The fibre volume fraction also has a major effect on the SCF, see figure 4b. The SCF for the 
70% case is less than half of the SCF in the 30% case for the same normalised distance. This 

(c) 

(a) (b) 
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is due to the shielding effect. Nearby, intact fibres shield the stress concentrations from the 
fibres which are further away. In the 70% case, more fibres are nearby, which yields a more 
pronounced shielding effect and a lower SCF at the same normalised distance. Literature 
states that the SCF increases with fibre volume fraction. At first sight, this is in contradiction 
with figure 4. However, these results were all obtained for square or hexagonal packings. In 
these structured packings, the distance from the broken fibre is directly linked with the fibre 
volume fraction. In random packings however, these two parameters are decoupled. 
 
 
The overload length also shows a clear trend. A high fibre volume fraction results in a small 
overload length. This is again related to the ineffective length. When the ineffective length is 
small, the stress is recovered on a short length. This affects a smaller portion of the intact 
fibres and thus results in a smaller overload length. 
 

 

 

      Figure 4. Comparison of random fibre packings for various fibre volume fractions: (a) ineffective length 
(b) SCF (c) overload length. 

 
 
4 Conclusion 
Random fibre packings behave significantly different from hexagonal and square packings. 
Compared to structured packings, random packings show a smaller ineffective length and, at 
the same distance, the SCF and overload length are smaller. However, apart from this first 

(a) 

(c) 

(b) 



ECCM15 - 15TH EUROPEAN CONFERENCE ON COMPOSITE MATERIALS, Venice, Italy, 24-28 June 2012 

 

 7 

effect, the maximal SCF is also up to three times bigger for random packings. In contrast with 
the first effect, the second effect increases the failure probability of the intact fibres. 
 
 
For random fibre packings, a higher fibre volume fraction results in smaller ineffective 
lengths and, at the same distance, in smaller SCFs and overload lengths. However, higher 
fibre volume fractions also have more fibres nearby the broken fibre and thus carrying a 
higher SCF. Therefore, the final effect on the failure probability of the intact fibres is 
unknown. 
 
 
This paper has shown the importance of using random fibre packings for analysing stress 
concentrations. The next step is to develop a strength model which can incorporate random 
fibre packings. This model can analyse the influence of the fibre packing and volume fraction 
on the strength of unidirectional composites. 
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